LINEAR DIFFERENCE EQUATIONS AND
EXPONENTIAL POLYNOMIALS

BY
WALTER STRODT()

Part I. Introduction. The principal result of this paper is Theorem 2, which
is an existence and uniqueness theorem for analytic solutions of the differ-
ence equation

(1) 2 Aiy(x + w) = ¢(x).

=1
Important in the proof of Theorem 2, as well as of some interest in itself, is
Theorem 1, which states the possibility of securing a particularly simple
Mittag-Leffler expansion for the reciprocal of the exponential polynomial

(2) > Ajeern.
=1

In Theorem 2, equation (1) is studied under the assumptions that ¢(x)
is analytic in a sector S (8): Iarg xl <B=w/2,and that w;=0, while ws, + + -, wa
lie in S (8). It is assumed further that there is a non-negative number M
such that ¢(x) is of type (M, 8), by which is meant that ¢(x) is analytic both
in S (8) and also at x=0, and that for every pair of positive numberse, & there
is a positive number Co(e, ) such that

©) I (%) I < Cole, 8)el=1 M+

when |arg x| <g—38.

Under these conditions the totality of all those solutions of (1) which are
of type (M, B) is shown to be a non-empty finite-parameter family of func-
tions. For this family a representation is found in the form of a sum of con-
tour integrals which are constructed from ¢(x) and from the principal parts
of the meromorphic function 1/(> ", Aje“). This representation is given
by equations (41)—(45) below.

Equation (1) has been studied for real w; and real x by Bochner [1](?)
and by Raclis [10]. For complex values of w; and x it has been studied by
Halphén [6] in the case where ¢(x) is entire and of sufficiently small ex-
ponential type, by Pincherle [9] in the case where ¢(x) is entire and of
arbitrary exponential type, and by Carmichael [3] and by Ghermanesco [5]
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in the case where ¢(x) is any entire function. In addition, Pincherle (loc. cit.)
has considered the case where ¢(x) is analytic at infinity, and Ghermanesco
(loc. cit.) has considered the case where ¢(x) is meromorphic. Local solutions
of (1) have been found by Sheffer [11, 12]. _

In his classic work on the principal solution in the complex plane Nérlund
[8, chap. IV] has studied two special cases of equation (1). These are the
equations

4) (& + @) — y(x) = wip(x),
and
(%) y(x+ o) + y(x) = 2¢(x).

Norlund considers these equations under the assumption that either ¢(x) is
an entire function of sufficiently small exponential type, or else ¢(x) is
analytic in a sector and satisfies a certain growth condition—this growth
condition is roughly condition (3) of the present paper, together with a
further restriction which consists in requiring that the M of condition (3) be
sufficiently small. (In the present paper the number M is unrestricted.)

The basic method of attack which will be employed for Theorem 2 is the
use of generalized power-series solutions for certain approximating g-differ-
ence equations. This method is a modification of a method introduced by the
author [13, 14] in earlier papers.

Part II. Notation. The following notations will be used throughout this

paper:
(6) wy, - - -, w, are given distinct complex numbers.
() 4y, - - -, A, are given complex numbers, each different from zero.

(8) f(2) is the exponential polynomial Z}'_l A jevit,

(9) F(a)=1/(f(=).

(10) Z={¢t1, &2 - - - } is the set of (distinct) zeros of f(z).

(11) j, is the order of multiplicity of ¢, as a zero of f(z2).

(12) Py(2), or > %, B,(z—¢.)~%, is the principal part of F(z) at z=¢,
(s=1,2,.--).

(13) For every positive number 8§, Z(8) is the set of all points whose
distance from Z is less than 4.

(14) Gi(8), Ga(8), - - - are the components of Z(8).

(15) Fu(0) is the complete boundary, described in the positive sense, of
Gn(®) (m=1,2,---).

(16) @; is the complex conjugate of w;.

(17) @ is the closed convex of the points @i, - - -, @,. (That is, P is the
intersection of all closed half-planes containing @, - * *, @n.)

(18) &, &, - - -, E, are the edges of P, considered as a closed polygon.

(19) n; is the number of points of the set &, - - -, @, lying on E;

(j:l’ 2, . ..,r)’



1948] LINEAR DIFFERENCE EQUATIONS 441

(20) N is the maximum of the numbers #n; (j=1,2, - - -, 7).

(21) I;is the length of E;.

(22) 1 is the perimeter of P.

(23) Nj is the half-line through the origin in the direction of the outer
normal to &; (j=1, 2, .-+, 7).

(24) «; is the inclination of Nj, with —7r<a; =7 (j=1,2, - - -, 7).

(25) So(B) is the union of S (B) (see introduction) with the set consisting
of just one point, the origin.

(26) N(M, B) is defined, when M is non-negative, to be the set of all com-
plex numbers x such that for every number §; in the closed interval (—p8, 8)
the inequality R(x) cos Bi+ J(x) sin B1 = M is valid(3).

(27) b is a positive number greater than unity.

(28) S (b, B) is the set of points x such that either x =5, or else for some 2
in § (B) the equation x=>5b(1 —e~?) is valid.

Part III. Exponential polynomials.

A. The distribution of the zeros.

LemMA 1. (a) There exists a positive number L such that if 3C; is the half-
strip(®) {z; N[z exp (—ia;)]20, | $[z exp (—iay)]| <L} (=1, 2, -, 7),
then all zeros of f(2) lie in the union of the 3C;. Moreover, for every pair of numbers
Ry, Ry with 0= R, =R, the number(®) N;j(R:, R,) of zeros z which lie in 3C;
and have Ri=R[z exp (—ia;) | SR, satisfies, when Ry is sufficiently large, the
relation

(27)"Ui(Ry — Ry) — (mj — 1) £ Ni(Ry, R,)
S (2m)7U{(Re — Ry) + (n; — 1).
(b) If the origin belongs to P, then f(z) is bounded away from zero if 7 is
bounded away from the zeros of f(z). That is, for every positive & there is a posi-

tive N(0) such that | f(z)| =\ (0) whenever z is a point whose distance to the near-
est zero of f(z) is at least 6.

(29)

Proof. This lemma follows readily from well known results and methods
due to C. E. Wilder, J. D. Tamarkin, and G. Pélya(®).

CoRrOLLARY. If & is sufficiently small, Gn(8) contains at most N —1 distinct
geros of f(2) (m=1,2, - ).

Proof. Let § <w/(IN). By equation (29) there is at most a finite set of values
of m such that G,(8) contains more than N —1 zeros of f(z). A sufficient re-
duction in the size of § will now bring the desired result.

(3 R, & denote real and imaginary part, respectively.

() Evidently 3C; has N; for axis of symmetry.

(5) Here each zero is counted a number of times equal to its multiplicity.

(%) The address of R. E. Langer [7] contains an outline of these results and methods, and
a bibliography of the theory.
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B. The resolution into partial fractions of the reciprocal of an exponential
polynomsial.

THEOREM 1. Let P contain the origin. Let B be any point not in Z. Then if
6 is a sufficiently small positive number, all the following relations are valid:

1 F(T)(z — B)
(@) o =F® =2 o [, e,
for every z at positive distance from Z(5), and
(b) ~ F(z) = F(B) + 2. 0n(2),
“where "
(30) On(@) = 25 (Pu3) — Pu(B)),
[ASRE MO

for every z in the complement of Z, and

(c) There are at most N—1 distinct points {, in Ga(8) (m=1, 2, --.),
and

(d) The length of Fm(8) is mot more than 2wr(N—1)6, and

(e) There exists a positive number N(8) such that | F(T)| <1/\(8) for all T
on Fm(8) (m=1,2,---), and

(f) The series in (a) converges absolutely, and the corresponding series of
absolute values converges uniformly, for z in any bounded set at positive distance
Sfrom Z(8), and the series in (b) converges absolutely, and the corresponding series
of absolute values converges uniformly, for zin any bounded set at positive distance

from Z.

Proof. (c) is an immediate consequence of the corollary to Lemma 1. (e)
follows immediately from Lemma 1b. (d) follows immediately from (c). If
0 is less than the distance from B to Z, then (b) is obviously implied by (a).
It remains, then, to establish (a) and (f). We shall use Cauchy’s method of
resolving a meromorphic function into partial fractions.

Let 2z be any point not in Z.

Now (e) is valid for every §, and we assume § sufficiently small so that
(c) and (d) are true, and sufficiently small so that z and B are at positive
distance from Z(8).

Let R be a positive number, so large that |3| <R and | B| <R and <R.
Let Ur be the union of the circle |3| <R with all the sets Gw(8) which have
points in common with that circle. Let Kz be the complete boundary of Ug
described in the positive sense.

Let Gy, Gy, * - -, Gk be the components of Z(8) which are included in Up
but not wholly included in the circle Iz[ <R. Then there is a zero £; of f(s)
in G; (j=1, 2, - - -, k), which lies in the ring R—8<]|z| <R-+8.
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We assume now that § is less than w1~ (see Notations (20), (22)). Then it
follows easily from (29), with Ry=R+8 and with R;= [(R—8)2—L2]/? (L as
in Lemma 1a), that if R is sufficiently large, the number of zeros in the ring
R—-6< [z] <R+3 is less than (2m)~2w(})~14+N; where Ny= D 7., (n;—1),
and therefore 2 < N;.

Since each G; is the union of at most N—1 circles of radius §, the length
of Kr is at most 2rR+27 (N —1)8N,, which is less than 7R if R is large.

Hence

1 F(T)(z — B)
2iJKe (T — 2)(T — B)

(31)
<Lon |2+ 8|

2 VNS R=[sDE&=1B])

which approaches zero as R becomes infinite.
But

1 F(T)(z — B)
z_r?flck T-aT-5 "

1 F(T)(z — B)
= F(z) — F(B o2
(2) (B) + gm(g“c‘vﬂ 2riJ 7,0 (T — 2)(T — B)

Hence (a) is valid if the series in (a) converges. But (29) implies that
(T—2)Y(T—B)"'=0(m"?) on F.(d), and this, together with (d) and (e), im-
plies that the series in (a) converges, and implies statement (f).

REMARK. Theorem 1 may, in part, be summarized in the statement that if
B is any point at which F(z) is finite, then the series ) o, (P,(2) —P.(B)),
provided the terms are properly bracketed, converges to F(z) — F(B). In the
simple case of commensurate real exponents w; it is plain that if the origin
belongs to P, then no bracketing is needed. In the general case where the
origin belongs to P this bracketing is essential. Indeed, to secure convergence
of the Mittag-Leffler expansion Y .=, (P,(2) —P¥(z)), where P¥(2) is the sum
of the first %, terms in the Taylor’s series expansion of P,(z) at z=B, it is in
general impossible to choose values for k, which remain bounded as s becomes
infinite. This, together with stronger statements on the nonconvergence of
the unbracketed series Y .=, (P,(z) —P.(B)), has been shown by Borel [2]
for the particular function F(z)=1/(f(z)) with f(z) the exponential poly-
nomial sin 7z sin arz, a being a carefully chosen irrational real number.

Borel remarks upon the usefulness, in the particular case cited, of bracket-
ing the principal parts. Whittaker [15] has made systematic use of such
bracketing in the study of meromorphic functions of finite order. However,
Whittaker uses a plan of bracketing different from the one used in the present

(32)
drT.




444 WALTER STRODT [November

paper, and his results do not specialize in the case of the reciprocal of an
exponential polynomial to Theorem 1 of the present paper.
Part IV. Further preliminary theorems.

LEMMA 2. Let w1=0 and let w2, - + + , w, be distinct points of S (B). Let P,
o, + -+, o be defined by (17) and (24). Then —(B+7/2) <o, <(B+7/2)
(5:.1’ 2, s ey, f).

Proof. This is geometrically apparent. We omit the analytic proof, which is
easily supplied. .

LemMA 3. If My<M,, and if 21 is in N(My, B), while 2, is in the comple-
ment of N(Ms, B), then |z—3z1| > My— M.

Proof. This is obvious.
LEMMA 4. Let w1=0, and let w, - -+ -, w, be distinct points of S (B8). Then:

(@) If M is any non-negative number there are at most finttely many zeros
of f(2) in N(M, B).

) If ¢y, - - -, o are the zeros of f(3) in N(M, B), then there is a real num-
ber M, greater than M such that ¢y, - - -, {p are the only zeros of f(z) in N(M,, B).

() If &1, - - -, {p are the zeros of f(2) in N(M, B), and {pi1, $pie, * * - are
the other zeros of f(3), then there is a positive distance from the set N(M, 8) to the
set {g‘p+11 Sotos * 00 §e

(d) Let {1, » - -, &p be the zeros of f(2) in N(My, B). Let {pia, $pioy + - - be
numbered in any order of nondecreasing modulus. Let 8o be a positive number
sufficiently small so that if 8 <0, then the component of Z(8) which contains {,
contains no other point of T (s=1, 2, - -+, p), and Gn(8) contains at most
N —1 distinct points of Z (m=1, 2, - - - ). For every & less than & let the com-
ponents Gn(d) of Z(8) be numbered in such a way that G,(8) contains a {; for
which j=m. (For example, let G1(8) be chosen to contain §y, and after G,(5)
(s=<k) have been chosen, let Gr11(8) be chosen to contain the {; of minimum
subscript lying in the complement of Gi(8)+ - - + +Gw(5).)

Then there is a positive number D, and a finite set of real numbers Ty, « + -+, Ty,
lying in the open interval (—P, B), such that for every sufficiently small positive
8 a sequence of numbers Ypy1, VYpi2, * + + can be chosen, with every vy in the set
Ty, - - -, Tx), and with the inequality

(33) R(T) cos ym — Y(T) sin ym > M1+ Dm

valid if T is on Fn(8) and m>p.
() If &1, - - -, £» are the zeros of f(2) in N(M,, B), then there is a positive
number Bo smaller than B such that {1, « + + , {p are the zeros of f(2) in N(M, Bo).

Proof. (a) By Lemma 2 the outer normals to the sides of P have their in-
clinations in the open interval (—[8+4w/2], [8+/2]). Let Bz be chosen
smaller than 3 and such that the inclinations of the outer normals to P lie in
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the open interval (— [Bs+7/2], [8:+7/2]). Then by Lemma 1 all but finitely
many of the zeros of f(2) lie in S (Bz-+/2). Since the intersection of § (Bs+m/2)
and N(M, B) is clearly a bounded set, part (a) follows.

(b) By application of part (a) with M replaced by M,, we obtain the
result that N(M., B) will, for any M,, contain only finitely many zeros of
f(2). Let M, be any number greater than M. Evidently the zeros of f(z) in
N(My, B) can be denoted by {1, &2, - -+ -, &1, with £2p. For every k with p<k
=<t we have a 3, in the closed interval (—g8, 8) such that R(¢x) cos Br+ I (¢x)
-sin Bx> M. Choosing M; as any number which is less than the minimum of
the numbers R({r) cos Br+ J(¢x) sin By (B=p+1, - - -, ¢), and which is
greater than M, we see that all the points {,41, * -+, {¢ are in the comple-
ment of N(Mj, 8). This establishes (b).

(c) This is an immediately consequence of (b) and Lemma 3.

(d) In view of Lemma 1, there exists a positive number K, a function

s(m) defined for m=1, 2, - - - and assuming values in the set (1, - - -, 7), a’
sequence of non-negative numbers pi, ps, - - -, and a sequence of complex
numbers 6, 0, - - - satisfying IB,,,I <K (m=1,2, - ), such that

(34) Em = pm €XP (1@s(m)) + Om.

Now because of Lemma 2 there exists for every s in the set (1, - - -, 7) a
number f,, in the open interval (—8, 8), such that cos (a,+8s) >0. If s=5(m),

R[tm exp (i8:)] = R{ [exp (i) ] [om exp (ics) + Om]}
= pm cos (o, + B:) — K.

(35)

Let M: be a positive number larger than M, such that ¢, - - -, ¢, are the
zeros of f(2) in N(Mz, B). Evidently, from (35), there is a positive integer m,
such that R({m exp (48s)) > M, if m>my, and s=s(m). We define g, to be
Bamy, if m>mo. Then if m>m, we have

(36) R(Em) c0S gm — (Cm) sin gm > M.

We consider next the integer m in the set p+1, - -+, m,. For each such
m let g» be a number in the open interval (—p, 8) such that (36) holds
(m=p+1, - - -, mg). The existence of such g, follows from the fact that the
points {p41, * * +, {me are in the complement of N(M, 3).

Now it follows from Lemma 1 that there is a positive number D’ such that
pn>D’'m for all sufficiently large m. Hence from (35) we conclude that there
is a positive number D’/ such that

(37) R(Em) €OS gn — J(Em) Sin gm > D''m,

for all sufficiently large m. From (37) and (36) it follows that there is a posi-
tive D such that
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(38) R(¢m) €OS gm — S(Em) Sin gm > My + Dm

if m>p.

Let 8, be a positive number not exceeding 8, and such that 2(N—1)§, is
less than My;— M,. Let § be a positive number less than §;. We define the
sequence Yp+1, Yp+2, * * * as follows: For each integer m greater than p we
choose an integer j not less than m such that {; is a point of Z which lies in
Gn(8), and we define ym=g; Then if T is on F.(8), | T—¢;| <2(N-1)8
<M.~ M. Hence | [R(T) —R(,)] cos g;— [S(T)— 3(¢)] sin g;| <Mp— M.
But R(T) cos ¥m— J(T) sin ya=R({;) cos g;— F(,) sin g+ [R(T) —R(E)]
-cos gi— [H(T) — 3(¢7)] sin g;= My+Dj— (M,— My) = My+Dj2 My+Dm.

This proves (d), with {1‘1, ey, I‘;.} = {Bl, N R ST HEIEIIN g,,.o}.

(e) Since N(M1, Bo) DN(My, B), it suffices to prove that there is a positive
Bo less than B such that {; is in the complement of N(Mi, Bo), whenever 7> p.
Recalling that the set (Yp41, Yp42, * + - ) is a finite set, let Bp=max |'y,,.|
(m=p+1, p+2, - --). Then By<B. Now it follows from (38), which holds
for m=p+1, p+2, - - -, that {; G=p+1, p+2, - + + ) is in the complement
of N(Mj, Bo).

LeMMA 5. Let 5, X be any positive numbers. Then X sin n<eX —cos 1. ‘
Proof. This is obvious.
LEMMA 6. Let 0<B=w/2. Let 2ES (B). Then 1—e—*<S (B).

Proof. Let { =1—¢=2 Let 2=p(cos B1+< sin 3;), with 0=6: <3, and p>0.
If 81=0, {>0, and hence {ES (B). If 1>0, we define » by the equation
n=p sin B1. Then z2=17 cot B1+4n. Hence { = (1 —e—"t b1 cos n) t-ie~7°°4 b1 sin 7.
Hence | S(&)/R()|cot Bi=(cot By) sin n(e?*°tf1—cos n)~! and by Lemma 5,
with X =cot B, the last number is less than unity, so that | $()/R(®)]
<tan f;. This relation, together with the obvious relation R(¢) >0, implies

FES B TS B).

LeEMMA 7. (a) For every b, S (b, B) is a bounded set.

(b) For every b,S (b, B) CS (B).

(c) If § is a closed bounded subset of S (B8), then when b is sufficiently large
FCS (0, B).

(d) S (b, B) contains a neighborhood of b.

(e) If xES (b, B) and if 2ES (B), then b+e~*(x—b) ES (b, B).

Proof. (a) It is evident that if xS (b, 8), then | x| <2b.

(b) This follows immediately from Lemma 6.

(c) Let § be any closed bounded subset of §(8). Let X be a positive
number such that [xl <X whenever xEF. Let x&F. Let b>1, let g=1—-571,
and define z by the equation (1 —¢*) =x. Then(?)

(") For definiteness, throughout this paper, log (1 —b71x) is understood to be that single-
valued branch in the set arg (1 —b7') = which is real when arg (1 —b7x) =0, and log ¢ is
understood to be a negative number.



1948] LINEAR DIFFERENCE EQUATIONS 447

log (1 — x/b)
g=—

(39
log ¢

Thus, since d[log (1 —xb!) —x log ¢]/dg=x(x—1)(1—¢q)(1 —x+xq)~'¢", we
have

(40) P— &= ( f 1,, x((f: i):_l x_t):) dt)/ ( f lq t“dt),

whence, if 5>X1>X, then |z—x| <X(X+1)/(Xi—X). (For |(1—8)/(1—x
+xt)| <(1/8)/[1—(X/b)]<1/(X1—X).) Thus for every positive € there is a
positive X, such that if x is in § and 2 is defined by (39), and if 5> X3, then
Iz—xl <e. If € is less than the distance from & to the boundary of S (B),
then zis in§ (8). But b(1—¢?) =b{1—exp [—2(—log ¢)]}, and if z is in § (8),
so is 3(—log ¢). Hence xES (b, B), for all x in &, if b> X,.

(d) Let p=be7tf, Let G be the set {x; |x—b| <p}.LetxEG. If x=b,
then x&S (b, B) by definition. If xb, let x=b—Re®, with 0<R<p, and
—m<@=w. Then x=>b(1 —e~%), with z=log (b/R) —10. Since R(z) >log (b/p)
=m cot B, and | S‘(z)[ =|0| <m, it follows that 3&S (8). Thus xES (b, B).
Hence GCS (b, B).

(e) Let x=b(1—e7), where {E€S(B). Then b+e*(x—b) =b(1—e =),
but since z and { are both in § (8), so is 2+¢.

LEMMA 8. Let b>1. Let g=1—b"1. Then |b log g+1| <(2¢gb)~! and
1<b|log ¢| <g ™

The proof is obvious.

LEMMA 9. Let x be any complex number. Let 2 be in S o(B8). Let b>1. Let
q=1—b"". Let { =b+(x—b) exp (z log q). Then

(@) |esrea—1] <|3|/(bg),

) [¢]=]x|+q(4],

© [¢=@+2)| =|2| (=] +]2] +1)/(6g).

Proof. (a) |exp (z log ¢)—1| =]z log ¢/} exp (tz log g) dt|. Hence, since
R (tz log ) <0, it follows that |exp (z log ) —1| =|3||log q| =|3|/(9).

(b) ¢=xexp (zlog g¢)+b[1—exp (zlog )], and therefore, by (a), we have
[¢] <|x| +¢]4].

() t—(x+2)=(x—Dd) [exp (s log ¢)—1]—z=3/; [(x—b)(log g) exp
(tz log q) — 1]dt = z[3{x(log q) exp (tz log q) — (b log g+1) + b log ¢
[t— exp (12 log g)]}dt. Hence |¢—(x+2)|=|s|{|x](bg)—+(20g)—?
+q71 2| 09~} =] (|« +] 3] +1)/(bg?).

LemMA 10. Let x, £ be any two complex numbers, and let b be a positive
number greater than 1, and greater tham |£|+|x—¢|. Let g=1—b"1 Let
V=[log (x—b)—log (§—5)]/(log q). Then:
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(@) | V| =b|x—t| (0|t =|x—&])
) | Vo= = |x—E| (e—E—1| + |t~ || = |x—&]).

Proof. (a) V= (x—£)(log @)~ (§—b)"/o[1+ (x — &) (§—b)~"¢]~"dt. Since (by
Lemma 8) |log g| >b~!, we obtain

[visle—tla—lelont =]z~ @—]e)H)]
=blax—gl@—|El—]x—g))
(b) Since log g=log (1—5"1) = — [3(b—£)~d¢, we have

— (x— 8 = (x — £)(log 9)* f {[(t=8) + (x— )]+ [6— t]2}ae

= (x — £)(log ¢)! f ([(x— £ — Dt +£]

[g= b+ (x — o]t [6 — ] }a
from which (b) follows readily.

Lemma 11. Let &, + + +, &p be any given complex numbers. Let j1, + * + , J»p
be given positive integers. Let b be a real variable greater than 1. Let C,;(b)
(s=1,---,9;7=0, 1, ,j,—1) be complex-valued functions of b. Let

g=1-b"1 Let U=log (1—b"'x)/(log g). Let

P js—1

H(x,b) = >, D Coi(b)Uiessv,
8=1 =0
Then if there is an open region G such that as b becomes infinite H(x, b)
approaches a limit function I(x) uniformly in G, I(x) must be of the form

ja—1

I(x) = Z > Cojxietes
s=1 =0
for some constants Ci;.

Proof. Assume that G is bounded. (The general case follows, by analytic
continuation, from the bounded case.) Now x = (1 —¢?)(1 —¢)~!. As b becomes
infinite, U approaches x uniformly in G. This follows at once from Lemma
10b, with £¢=0. Let D,, Dy be symbols denoting operations of differentia-
tion with respect to x, U respectively. Let  be a circle which with its bound-
ary is included in G. Now (Dy—{1)# - - - (Dy—{,p)*H(x, b)=0. Hence
(Dy—=t)# - - - (Du—¢p)»I(x) is small throughout (3, if b is large, since
H(x, b) approaches I(x) uniformly in G as b becomes infinite. Also
(Dv_fl)h <o (Do —E§p)I(x) — (Da—§)t - - - (Dz—g-p)j”l(x) is  small
throughout ( if b is large. (For d*U/dx* is near d’x/dx?, for each s, uniformly
in (@, if b is large.) Hence (D.—{1)7t + « « (D.—¢,)?»I(x), which is independent
of b, must be zero throughout (°. Hence I(x) has the asserted form.
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LemMA 12. If ¢(x) is any function of type (M, B) (as defined in the intro-
duction), then ¢'(x) is.of type (M, B).

Proof. This follows readily from the Cauchy integral formula.
Part V. Linear difference equations.

THEOREM 2. Given equation (1) with w1=0 and with ws, + - -, wa 10 § (B).
Given that ¢(x) is of type (M, B) (as defined in the introduction). Let B be any
complex number such that f(B)#=0. Then there exists a solution y.(x) of (1)
which is of type (M, B). Moreover, if {1, « + -, ¢p are the distinct zeros(8) of f(2)
in N(M, B) with respective orders ji, + + + , jp, then every solution y(x) of (1)
which is of type (M, B) is of the form

P il
(41) yo(2) + 25 20 Cojwiedes

g=1 =0
where the C,; are constants, and conversely every function of the form (41) is a
solution of (1) of type (M, B). Finally, there exist contours Lpy1, Lot * * + , each
being a half-line lying in S o(B) with the origin for initial point, and the set
of these half-lines being a finite set, such that if & is any sufficiently small posi-
tive number and if the contours Fu(8) (m=1, 2, - - - ) are properly numbered,
then

(42) yolx) = go(a) + z”;c.**<x> - f:l Y (),
= M=pt

where

(43) ¢ =F(B) — Z P.(B),

and

(49) G (x) = f (2mi)-1 f o O THORDT

(S=1, 2y c 9?)’ and

Vou(x) = (21ri)"1fy F(T)(T — B)™!
(45) m (8

) f»C [ (x + ) — B(x + 2)dzd T,

m

(m=p+1, p+2, - - -).
The construction of these contours .L» depends upon M, but is otherwise
independent of ¢(x).

(8) There are only finitely many such zeros, by Lemma 4a,
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Proof. Let {pi1, {p+2 * - - be numbered in any order of nondecreasing
modulus. Let M, be a positive number greater than M and such that {p4,
Cpyay + - - are all in the complement of N(M;, ). (The existence of such an
M, follows from Lemma 4b.) Let & be a positive number so small that:

(46) the distance from the set ({pt1, $pi2, © © + ) to the set N(M,, B) is
greater than 26 (cf Lemma 4c), '

(47) the minimum distance between distinct points of the set {1, -+ +, {p
is greater than 28,

(48) each component of Z(8) contains at most N —1 (distinct) zeros of f(z),

(49) the distance from B to Z is greater than 6.

Because of (46), (47) the component of Z(8) containing {, (s=1,2, - -+, p)
contains no other point of Z. Let the components of Z(8) be numbered in any
fashion such that G.(8) contains a {; for which j=m. (Cf. Lemma 4d.) Then
evidently the component of Z(6) which contains §, is G.(8) (s=1,2, - - -, p).

Let b be a positive number greater than 1. Let ¢g=1-—b"1 Let Tix,
Tex, - - -+, Twx be functions of x defined as follows:

(50) fo = q"’i(x - b) + b (j=1’ 2) ) ”))

where by ¢“i is meant e“il°¢ ¢, We consider the functional equation

(51) 2 45(Ts2) = ¢(2),
=1

which, for large b, is in a formal sense an approximation to equation (1),
since gi(x —b)+b is, for fixed x, near x+w; if b is large. (Cf. Lemma 9c with
z=w,-.)

One may verify without difficulty that if f(z) has a zero of order 7; at
g=klog ¢ (=0, 1, - - - )(®), and if the Taylor's series expansion of ¢(x) at
x=bis D po ¢r(x—b)*, then the function y(x, b) defined by

& dux = B)F [log (1= b))\
y(x, b) = ]E) f(,'.)(k log q) ( log q )

il <log (1—0b1%)

+ E Z Cc:’
log ¢

e=1 j=0

(52) ,.
) (1 — b-1x)fel loga

where the C,; are arbitrary constants, is a solution of (51)(19). Let ¢, be de-
fined as follows:

(53) as = ¢/ (log q) (s=1,---,p).
Let ¢, be defined as follows:

() Only finitely many 4 can be different from zero, since, by Lemma 4a, f(2) has at most

finitely many negative zeros.
() Cf. the footnote to equation (39). By (1—b~lx)5/"oe¢ is meant exp [¢,(log g)~*

‘log 1—b"%)].
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(54) ¥s=¢,, if o, is a non-negative integer; ¥, =0 otherwise. Then

y(x,b) = _ 2. ¢u(x — b)*F(klog q)
(55) ke(q'...-'gp)
2 Y2 — b)7r /log (1 — b~tx) \7*
tZ ew (g z ) +an
where (1)

j—1 1 1—p1 1

(56  H@mb =3 5 c.,(—‘ﬁ‘————’i)-) (1 = sty
s=1 §=0 log

Now if % is not in the set (o1, * + +, 0p) then

(57) F(klogq) = F(B) + 2 Qu(klogq) + 2 Qm(klogg)

m=1 m=p+1

by Theorem 1b. Hence, if % is not in the set (g3, - - *, 0p), then

F(klog g) = F(B) + 3 (Pu(k log ) — Pu(B))

(58) - F(T)(k log ¢ — B)
— 3 (2 (T)(k log ¢
mpt1 Iy (T — klog q)(T — B)
Thus
(59 3 8) = 8() + 226w B) — 33 Vil B) + H(x, ),
8=1 m=p+1
where
(60) g = F(B) — 3. P.(B),
8=1
and
Gy(2, b) = Z dx(x — B)*P,(k log q)
(61) @, 0y
Yolx — b)"( log (1 — b~ 1x) )f'
F99(8) log ¢

(s=1,2,-+-,p),and

(1) In the sequel the symbol H(x, b) will be used generically to denote functions which are
of the form (56) for some constants C,;, arbitrary or otherwise, in accordance with the text.
(Each C,; may vary with b.)

() This H(x, b) may be different from that in (55). The change in H(x, b) will take care
of certain changes which occur in the range of the subscripts %, in the passage from (55) to (59)-
(62).
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F(T) i(klogq— B

(62) Yn(x,b) = (2mi)* f T — klogg

orx(x — b)*dT.
Fuy T — B o ) * )

(The order of limiting operations may be changed, as done just above,
because of the convergence of the series Zf_olqbkl Ix—bl" Z;_,,.H Ju(k, T),
where Jn(k, T) = (27)~'f5, & | F(T)| | klog g—B| | T—b| | T—E log ¢|~*|dT].
In this connection we note that |F(T)[ <1/X(8) on Fm(8) (by Lemma 1b),
that if the 7.(8) are properly numbered then on 7,,.(6)' T—-B ]—1=0(m-‘)
and |T—k log q| =0(m=1), because of Lemma 1a, and that the length of
Fm(8) is bounded (m=p+1, p+2, - - - ), because of (48).

We seek next to write (I"—k log ¢)~! in a more convenient form, using the
equation

-]

(63) (T —klogg)™ = f e rx(T—k log Dgdp
0
which is valid if 2 is any complex number such that R(z(T—% log ¢)) >0.
We reduce the size of é if necessary, and choose numbers vYpi1, Ypi2, * * *
and D having the property stated in Lemma 4d.

Let 2n=¢e"mn (m=p—+1, p+2, - - - ). Then if T is on F.(9),
(64) Rzn(T — klog ) = R(zmT) — klog ¢R(zm) = R(zmT)
= R(T) cos yYm — T) sin ym > M1+ Dm.

In particular, R(z.(T—k log ¢g)) >0 for every non-negative k.
Let T be on F.(8). Then, letting .S be an abbreviation for T —k log ¢, we
have

(65) S-1 = f e Sz.dp.
0
Hence
1 F(T) [ <
Yan(x, b) = — x—b)kklogqg— B
(% 8) = —— v T—B k§¢k( )¥(k log ¢ — B)
(66) . f e“’""sz,,.dp] aT
‘ 0
1 F(T) [ ©
=— eS¢ (x — b)*
271 fj,,,(&) T — B 0 g k( )

-(klog ¢ — B)zmdp:l aT.

(The change of order of limiting operations is justified by the con-
vergence of the integral
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(67) f S |erms|| ¢n|| x— b|*| klog ¢ — B| dp.
0 k=0
See Appendix, Note A.) Hence
(68) Va(x, b) = L AT) f rJt,e"”ﬂ“ﬁ(ﬁ)z dpdT
e 271 T (®) T — BJ, "
where
B(p) = 2 ¢u(x — b)*(k log g — B)ersmk oz,
k=0
Therefore

(69) Yn(x,b) = L VRN

—renT(0,(p)9’ () — B mdpd T,
widy o T=5J, ° (6m(p)9’(§) — Bo(&))zmdp

where
(70) Om(p) = erm Ve 9(x — b) log q, and & = b + 0.(p)/log q.

The integral with respect to p in (69), which from the preceding discussion
is convergent provided x lies in a suitable neighborhood of b, can now be
seen to converge, if b is sufficiently large, for every x in § (b, 8), uniformly in
every closed bounded subset of § (b, 8), and therefore (69) gives an analytic
continuation throughout § (b, B) of the function V.(x, b) as defined in (62).
(Cf. Appendix, Note B.)

Let T\ be a point on ¥.(8) at minimum distance from B. Let W,, be a
point on ¥, (8) for which R(2.T) is minimum. Let 6, be a positive number
less than B, such that Ty, - - -, T are in the open interval (— [8—8:], B—81).
(Cf. Lemma 4d.) Then if x is in § (&, 83— 1), it follows from Lemma 7e that
‘EES (bv 3_81): Hence

(N — Dh(x)s
NO) | Tw — B|Jo
where h(x) = [|x—b| | log gl Ci(e, 1)+ I B| Cole, 8,) JeM+912l and E,=R (20 W)

—(M+-¢€)g. (The justification of this statement is indicated by the discus-
sion in Appendix, Note B.) Hence

(71) | Vl, b) | < ePEmdp,

(N — 1)sh(z)
A®) | Tm— B| Em

| V2, B) | <

Now
(72) R(znWn) — M1 > Dm m=p+1,p+2---).

This follows from the definition of 2,. Hence if € is sufficiently small and b is
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sufficiently large, E,>Dm. Also, there is a positive constant D; such that
(73) | T — B| > Dum.
This follows from (72). Thus
(N — 1)dh(x)
A(3)DD,

Hence Y m_,+1Ym(x, b) convergesinS (b, 8), uniformly for x in §(b, 8 — ;). Since
(by Lemma 7d) § (b, B—&;) includes a neighborhood of &, > m_,.1Vm(x, b)
converges in S (b, B) to a function which is an analytic continuation of
> mpt1 Yml(x, b) as defined using (62).

We now consider the function G,(x, b) defined in (61). Let x, xo be points
of So(B), such that the line segment joining x to xo does not pass through
b. Let u=x—0>b and let uo=x¢—05. Then, if x and x, are inside the circle of
convergence of the series for ¢(x) in powers of x —b, we have (')

(74) | Vulx, 0) | <

(75) Go(x, b) = G*(x, b) + H(x, b),
where
L |
(76) G*(x, b) = f — f (1, T, x)dTdt
uwy 2wiJ Fos)

(s=1, 2, -+ -, p), where

b
&(t, T, x) = (u/i)T/0os «(";(lt:; q))F(T).

This follows from a straightforward computation of G¥(x, b) by the method of
residues. (Cf. Appendix, Note C.)

Also, if x; and x; are any two complex numbers (independent of x), lying
in S ¢(B), and such that the line segment joining them does not pass through &,
then

v 1
a7 f — f (t, T, x)dTdt = H(z, b).
uy ZW'I‘ ?0(3)

(Cf. Appendix, Note D.) If x, is taken as zero, while %, is taken as x,, then by
addition of (75) and (77) we obtain

(78) Gi(x, b) = G**(x, b) + H(x, b),
where
v 1
(719) G (x, b) = f — f (1, T, )dTds,
_» 2wt T

(18) See the footnote on equation (56).
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or

(80) G (x, B) = f f _ O pryara
Y o 2xiJ %@ (E—b)logg
(where V=[log (x—b)—log (¢—b)]/(log g)), for all x sufficiently near b.
Moreover, the right-hand member of (80) is defined and analytic through-
out (#) S (8), and therefore (78) gives an analytic continuation throughout(%)
S (B) of G,(x, b) as defined by (61).
Let
P 0
(81) yo(x, b) = gd(x) + 20 G (%, 8) — 20 Vu(x, b),
s=1 m=p+1
where g is defined by (60), and Va(x, b) is defined by (69). Then yo(x, b)
+H(x, b) is an analytic continuation throughout(®®) § (4, 8) of y(x, &) as
defined in (52).
It is readily verified (cf. Appendix, Note E) that
(82) As b becomes infinite, yo(x, b) approaches, uniformly in every closed
bounded subset of S (8), the function y¢(x) as defined by

(83) yo(x) = g6(2) + 3G () — 3 V().
s=1 me=p+1
where
z 1
(84) GH*(x) = f — | . OTHOR(T)aT

(s=1,2,:--,p),and

1 F(T)
(85) V() =ity o T B

where ¢n(x, p) =¢'(x+2np) —Bop(x+2mp).

Now D Ayo(Ts, b), which equals ¢(x), is near > Apyo(x+w;), uni-
formly on every closed bounded subset of S (8), if & is large, since T;x is near
x~+w; (by Lemma 9c), and yo(x+wj, b) is near yo(x+w;). Hence yo(x) is a solu-
tion of (1). Evidently yo(x) is analytic in § (8). It is easy to see that (83),
(84), (85) define a function ye(x) which is analytic at the origin as well as in
S (B). Hence yo(x) is analytic in § o(8).

"The next step is to secure an estimate of G¥**(x). Evidently

f Pl (2, p)andpdT,

is

ook _ B.j —E)s -1
(86) 61 = 3 o [ e - orewi

(1) More accurately, throughout S (8) deprived of the half-line { x; xgb}.
(%) More accurately, throughout § (b, §) cut along the half-line {x; x=b}.
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If |x| =R and if |£] =7, and if arg x=7, then

1s

(87) GM(x) = Z} ; f"'l)! fo () pren)dr

where
e(r) = e®isexp GV(R — r)i-1giiv,

and therefore, if §; <B— I'yl we have

(88) |Gx*(x)| = f E(r)Cole, 8:)e+ordr

:—1 ( - 1)'
where E,(r) = ¢B—nRBsexp GNI(R — 7)1, Since {, is in N(M, ), we have

R [t exp (7y)] < M. Hence

IG**( )I < l Bul fRe(R—r)M(R — 7)771C(e, Bl)e(M+e)rdr
1=1 (.7 D!IJo
(89)
l ’ (M+¢)RRfC0(e’ 51)
T (.7 -
or
(90) |GX(=x)| = 1=1 (I—_—;I)—, a0tz | & |1Cole, 8).

The next step is to secure an estimate of Y,(x). Let &, be sufficiently
small so that 2z, is in S (8—8,) (m=p+1, p+2, - - - ). (We recall that there
are only finitely many distinct numbers 2,.) Then if x is in § (8—61), x+2mp
is in § (8—401), and consequently for every positive e

| ¢(2 + 2mp) | < Cole, r)eM+oUzl+o),

and |¢ (x432mp) | <Cie, 8;)eM+oUsl+0 (where Ci(e, 81) is the symbol intro- .
duced in equation (71)). Thus

(91) [ Va(x)| < W=D L aneomi (s, p)dp
A8 DmJ,
where
K(z, p) = [Ci(e, 81) + | B| Cole, 81) Je@+ozl4n),
and therefore, if € is sufficiently small so that M +e< M;, we have
(N — 1)se+lz]
A(8)DDym?

(92) | V(2 | < [Cile, 8) + | B Cole, 81)].

Hence
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(N — 1)8 Ci(e, 81) + | B| Cale, 81)
G DD

> Vul®)

Me=p4-1

(93) <

0
oM+ |z < Z m-z)_

m=p+1
It follows from (90) and (93) that v,(x) is of type (M, B).
Let H(x) be generic notation for a function of the form

je—1

(94) H(x) = zp: > C,ixietes,

=1 j=0

It is easily verified that H(x) is always of type (M, B8), and is always a solu-
tion of the equation Y A4 ;y(x+w;) =0. Hence every function of the form

(95) yo(%) + H(x)

is a solution of (1) of type (i, B).

It remains to prove the converse, namely that every solution of (1) of
type (M, fB) is of the form (95).

Let Y(x) be any solution of (1) of type (M, ). Let

n@) = Y() — 30(0).

We shall show that 5(x) =H(x).

Evidently 9(x) is of type (M, B). Let do(e, 61), di(e, 81), da(e, 81) be such that
|9(x)| <dole, 8)ele1+ in § (B—5), |n'(x)| <dile, Br)el1+9 in S (B—8y),
and ln”(x)l <ds(e, 8,)e'=M+e in § (8—6,). (We are using Lemma 12.)

Obviously 7(x) is a solution of the equation

(96) > s+ o) = 0.

Hence 7(x) is a solution of the equation

(o7) > An(T8) = ¥4 D),

where the T; afe defined by (50), and where

(98) #ed) = S AT = e+ o))

" Moreover 7(x) is analytic in § (8). Hence ¥/(x, b) is analytic at x=>5. Thus,
i

(99) 0(®) = 3 m(x — B

k=0
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and
(100) ¥, b) = 2 Vil — D)%,
k=0
then (by comparison of like powers of x—& in (97)), we have -
(101) A n.f(k log q) = ¥y,
Hence
(102) = W F(kloggq) if f(kloggq) =0, and
¥,=0 if f(kloggq) =0.
Consequently
(103) w(®) = X WiF(k log @)(x — b)* + H(x, b).
W0
Also,

(104) There is a positive B less than 8, such that {3, - - -, {p are
of f(z) in N(M, Bo), such that the numbers wg, + * +, Wa, 1, Spte,

[November

the zeros
- «are in

S (Bo), and such that ¥(x, d) is of type (M, Bo). Moreover, if 8; is any number
such that 8y <B1<B, then there is a positive number b; such that TixES (8:1)

G=1, 2, -+ -,n), when xES (Bo) and b>b;. (Cf. Appendix, Note
Using (58) we write

(105)  n(a) = gh(m B) + Do Bu(z, B) — 3o Ra(s, B) + H(z, B),
=1 Me=p+1

where g is defined by (60), and

(106) E(x,b) = D> W.P,(klog q)(x — b)*

Wppt0

(S=l, 2’ LI p)’ and

1 F(T)
(107) Ru(z, b) = — Q(x, b, T)dT
27 Tn(® T—B
with
® 7kl — B
Qx, b, T) = E(_ogg___) Vi(x — b)*.
=0\ T — kloggq
Then in S (b, Bo) we have, as in the treatment of Ya(x, b),
1 F(T) ©

e*mTW (p, x, b)2ndpdT

108 Ru(2, b)) = —
(108) (% 3) = -— tow T— By

where

F.)
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Wip, %, b) = evsm 1o 4(x — b) log q¥'({, b) — BY(s, b)

with { =b+-er*m 98¢ (x —b) and with ¥’({, b) the derivative of ¥({, b) with re-
spect to {. And in § (B¢) we have, as in the treatment of G,(x),

(109) E,(x, b) = E}*(x, b) + H(x, b)

where

o W, DF(T)
(110) E**(z,b) = fo — fy ) <(£—b) = q)d:rdg,

with V=[log (x—b)—log (¢—5)]/(log ¢). (It will be noted that (106) is an
exact analogue of (61), since, by (97), ¥, =0 whenever k=0,.) Now

(111) ¥ 0| s S 144l Tia = 3+ @) |G

if xES (Bo), where

(112) Gjis the maximum of |9’ ()| for ¢ on the line segment (Tjx, x+w;).
But | Tjx| S|x| +¢ | w;|,and | x4w;| <|x| +|w;|. Hence |¢| = | =] +¢| il
Also, if x&S (Bo), x+w; ES (By) and TxES (B1). Hence ¢S (B:). Therefore if
61=p—p1, we have

(113) [ '(8) | < dule, r)e@+ortel,
Hence
(114) G £ dife, 8,)eM+oclvjlgM+olzl,

Now by Lemma 9c, with z2=w;, we have

(115) ITix_(x+wi)|élw"l(lx|+]wil+l)b"lq—2,
Hence, by (111), (114) and (115) we have, when x&S (8o), and b>b+1,
(116) , ¢(x’ b) l é b_ld*(e)e(M+2e)|z|’

where d*(e) is independent of x and . :

Let B: be a positive number less than By such that ¢, - - -, {; are the
zeros of f(z) in N(M, B2) and such that the numbers ws, * - *, @, 3pi1,
Zp4s, * * +, are in § (B;). Then by the Cauchy integral formula, and (116), we
have, using the analyticity of ¥ at x=0, |¢’(x, b) Sb~1d**(e)e™+29\sl in
S (B2), where d**(e) is independent of x and . Hence

(N -

I Rn(z, b)l =b? m

117)

[+ b1| x| )a** () + | B| d*(é)]

e(M+2¢)l2|
[ m? ]’
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whence

0

2 Ru(x, b)) < b(a),

m=p+1

(118)

where J(x) is a positive-valued function of x which is independent of & and
which is bounded on every bounded subset of § (82).
The next step is to estimate E;*(x, ). We have

(119) [ 7] < elTiv1,
But | V| £I(x, b) =b|x|(b—2|x|)~! by Lemma 10a and |T| £|f.| +38=G,,
if TE%,(8) (s=1,2, - - -, p), with Gy a positive number. Therefore

¢l (2.8) Gog* () g(M+2) 121 p—1 l % | 5

A@)A — bt x])

(120) | Ex*(2)| = < b, (x)

where I,(x) is a positive-valued function of x which is independent of & and
which is bounded on every fixed bounded subset of S (B:) if b is sufficiently
large. Let

. 14 L
(121) no(x, b) = g¥lx, b) + 2 EX*(x,0) — 2. Ru(z, ).
8=1 m=p+1
By virtue of inequalities (118), (120), and (116) it is evident that as b becomes
infinite 7o(x, d) tends uniformly in every bounded subset of S (3z) to a limit

function which is identically zero.
Now from (105), (109) and (121) we have

(122) (%) = no(x, b) + H(x, b),

and since 5(x) is independent of b, it follows that H(x, b) tends to the limit
n(x) as b becomes infinite, the limit being approached uniformly in every
bounded subset of S (8:). But this implies that 5(x) is of the form H(x). (See
Lemma 11.) This concludes the uniqueness proof.

Let Lm (m=p+1, p+2, - - - ) be the contour 3=pz, (0=p) described in
the sense of increasing p. Then equations (42)—(45) are valid.

This completes the proof of Theorem 2.

ReMARKS. (i) The methods used in the proof of Theorem 2 can be thought
of as a generalization of the method of principal solutions (‘‘in direction 0”’)
which was introduced by the author [14]. The generalization consists in that
the exponents {,/log ¢ appearing in H(x, b) are not required to be real and
non-negative. There are other deviations of the methods of this paper from
the methods of the earlier paper: among them the use of powers of the func-
tions log (1—b"1)/log ¢ in the solutions of (51), and the failure to intro-
duce parameters in (51). These other deviations, however, are matters of
convenience only, and could have been avoided.
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(i) From (45) it is evident that ¥Y,.(x) can be written in the form

m

f(ﬁ [¢'(x + 2) — Bo(x + 2)]|Hn(z)dz,
where

H.,.(z) = (2ni)™! f F(T)(T — B)"'e*TdT.
T (®

If we let Z,, - - -, Zgbe the distinct numbers in the set {z,,.H, Zpt2, ¢ * }, and
define I,(z) as ) 2,.z: Hn(3) (this series will converge for z on L, if 2%0),
t=1, 2, -+, Q, and define (; as the contour L for zn.=Z,, and define
K.(z) as (2mi)~1[5,0eTF(T)dT, then we shall have

yo(x) = g6(x) + 2 [ Kulx — D(®)de

Q
+ Z_: f e [¢'(x + 2) — Bo(x + 2)]1.(z)dz.

In this form the representation of y,(x) bears a close analogy to Noérlund’s
representation of his principal solution of equation (4), [8, p. 70, equation
]

(iii) It is evident from the proof of Theorem 2 that the existence problem
for equation (1) might have been approached from the standpoint of the
symbolic calculus, in this fashion: One writes (1) in the form f(D)y=¢,
whence, formally, y=F(D)¢, and then, again formally, from Theorem 1a,
F(D)=FB)— > a., 2m)~'f5,@» F(T)(T—B)~'(D—B)(T—D)~'dT, leading
to .

y = F(B)$(%) — 2 Vn(#),

m=1

where

Ym(2) = (2mi)? fy F(T)(T — B)"'h(x, T)dT,
m(®)
and where h(x, T)=(D—B)(T—D)"'¢(x), that is, where h(x, T) is a solu-
tion of the differential equation Th(x, T) —h'(x, T) =¢'(x) — Bp(x). Evidently
Y. (x), as defined by (85), is a particular case of Yyi(x) (m=p+1,p+2, - - - ).
The approximating g-difference method appearing in this paper provides
analytic calculations with g, paralleling these formal calculations with the
symbolic operator D. From this point of view the approximating g¢-differ-
ence method plays a role analogous to that played by the Laplace transform
in the treatment of differential or difference equations().

() Cf., for example, Doetsch [4, chap. 18, §3].
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Part VI. Appendix.

Note A (referring to the integral (67)).

We observe that |exp (—psn(T—F log q))I Sexp (—pR(zaT))
=<exp (—pM,), while the power series Z:_olcbk lx—b|"| k log q—B[ , which
is independent of p, is convergent when Ix—b <b sin B (by virtue of the
analyticity of ¢(x) in S (8)).

Note B (referring to the paragraph following equation (70)).

We observe that since x is in S (b, 8), and since —p2, log ¢ is in § (8), it
follows from Lemma 7e that £ is in § (8, 8), and thus (by Lemma 7b) £ is in
S (B). Hence ¢(£) and ¢’(£) are defined, and (by Lemma 12), for suitably small
positive 6; corresponding to any fixed closed bounded subset of S (b, 8),
|(®)| <Cole, &) exp [(M+e)|¢|], and |¢'(®)| <Cile, &) exp [(M+o)[E]].
Then, since IEI <|x|+¢ % (by Lemma 9b), we have [¢(£)| < Cole, 6,) exp
[(M4€)(|x] +g7%)] and [¢'(§)| <Ci(e, &) exp [(M+e)(|«|+g%)]. Since
|exp (—pznT)<exp (—pMy), it suffices that € be sufficiently small and &
sufficiently large so that (M +¢€)g~! < M in order to insure convergence of the
integral with respect to p, in (69), for every x in S (b, 8), uniformly in every
closed bounded subset of S (b, B).

Note C (referring to equations (75) and (76) and the following sentence).

Evidently

G, b) = f C i)t fy T T, DP(T)iTds

where
T, T, x) = e¥T¢(¢t + b)(t log ¢)72,
with W= (log #—log t) log ¢. Hence

Gt ») = [ " (t + 5)(t log g)'R(x, Hd,

where R(x, ¢) is the residue at {, of e 7P,(T).

Now
1 ) T — A mp m is ;
R(x, t) = eW{'..___.. [< Z (—g-)__.)( Z B,,‘(T _ g.‘)_,)] dT
2riJ ¥, L\ meo m! =
= W3 i B‘jo_l .
=1 G- n!
Hence
Wo is B,;Wi-1
GX(x,b) = ) Z Prukel To—Fklog @) Z ! dw

o kmo = (G — 1!
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where Wo=(log #—log %)/ (log q). Hence

G¥(, b) = kEmu*Z (] - 1), 76,5, ) + (G — DI(k log ¢ — £)~]

+ Yo Z‘; (B.Wa)/ (),

where
j—1 —l=m( s ]
I, ) = = ot im o S e TG-L)! :
m=0 (klog g — £)™1(j — 1 — m)!
Thus

log (1 — b 1x) )"‘

Ba,:‘.
GX¥x, b) = D,  ¢uutP,(klog q) + Y — (
k Ja! log ¢

(01, % * = y0p)
+H(x, b)
= G,(x, b) + H(x, b).

Note D (referring to equation (77)).
By the argument of Note C, the left-hand member of (7 7) equals

f 8t + B)(¢ 1og ) "(u/iy™ 3> Buy(log  — log y-Lidt,
ul =1

where L;=((j—1)")~(log g)*~/. Hence the left-hand member of (77) equals
1

uy, (log u)"C,, = H(x, b)
m==0
where

ug is
Cm = (1 + b=+ 3~ D, (— log £)i~1—mdt
ul =1
with D,;=B,;(log ¢)~i((j —1—m)!)~1(m!)~L

Note E (referring to statement (82)).

Let & be any closed bounded subset of S (8). Let P be the maximum of
|| in &, and let b be greater than 3P. Let & be positive and sufficiently small
so that §CS (8—48,). Let x be any point of &.

We note that

(E.1)  G**(z, B) — G () = f " @riy . I & T, DR@FT)TEE

. +(3)

where
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J(xv Ev Ty b) = (E - b)_l(log q)_l eVT o e(z—f)T’

with V having the same significance as it had in Lemma 10.
Evidently

J(x’ Ey T, b) = (E —_ b)_l (log q)—-l (eVT — e(z_s)T)
+ ((8 — b)~'(log ¢)~* — 1)e=¥0T,
But

14
eVT — e(r-—e)T —_ Tf ea’l’da'
z—¢

T—Iencel [T —e=bT| <|T|| V—(x—§)| exp (R|T|) where R=max (| V|,
x—E&|).

By Lemma 10a, I V| <Pb(db—2P)~'. By Lemma 10b, I V—(x—§)]
<2(P+1)q Y (b—2P) 1.

Hence leVT—e("‘E’T[ <b'K(F) where K(F) is a positive number depend-
ing upon § but independent of b and T, the inequality holding for all T on
78(6) (s=1,2,---, p). :

Also, | (§—b)*(log g)~!| <b(b—P)~* (by Lemma 8), and | (§—b)~"(log ¢)~*
—1|=|¢E—-b)(log o'||(1+b log @—¢ log g¢|<b(b—P)*[(2D)
+P(gb)~*] (by Lemma 8). Thus |J(x, ¢, T, b)| < Ki(F)b~, where K(F) is a
positive number depending upon & but independent of b and T, the inequality
holding for all T on ¥%,(8) (s=1,2, -+ +, p).

Since ¢(£) and F(T), in (E.1), are bounded by a bound independent of b,
we conclude that G¥*(x, b) approaches Gi*(x) as b becomes infinite, uniformly
in &.

Now

Voul(zx, b) — V()
= (27i)™! f?,,,(s)F(T)(T — B)"lj‘owexp (—pzmT)dn(x, p, T, b)zmdpdT

where
dm(%, p, T, b) = Und'(En) — Bp(im) — [¢'(x + 2mp) — Bo(x + zmp) ],
with &, =04 (x —b) exp (02 log ¢) and with U,=(x—b) log g exp (pz= log ).
Evidently
(2, p, T, 8) = (Um — 1) () + [¢'(En) — ¢/ (% + 2m0)]
— Bl¢(tm) — ¢(x + zmp) .

Let 6, be sufficiently small so that every 2, is inS (8 —81). (We recall that there
are only finitely many distinct z..) Let & be sufficiently large so that § is in
S (b, 8—8,). (Cf. Lemma 7c.) Then since x is in§ (b, 8—¥81), so is £ (by Lemma
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7e), and therefore both x+2.,p and £, are in § (8—6;). (Cf. Lemma 7b.) Now
Un—1=x log ¢ exp (02 log q) — (b log g+1)—b log g(exp (pz~ log ¢)—1).
Hence by Lemmas 8 and 9a we have | U,,.—l[ éb“q‘llx[ +(2gb) 1+ (bg®)~1p
< (b)) (| x| +p+1). Also |¢'(En)| S Cile, &) exp [(M+e€)|£n| ], and since
(by Lemma 9b) |£n| <|x| +g7%0, we have |¢' (£n)] = Ci(e, 81) exp [(M+e€)g!
. (I x| +p)]. Now ¢’ (£n) — ¢’ (x+2mp) = [57., 6"’ (£)dt, and since ¢, on the line seg-
ment (x+2m.p, £.), is not more than [xl +4¢'p, we conclude that [¢’(£m)
—¢/(t+2n0)| <|En— (x+3n0)| Cale, &) exp [(M+e)g(|%| +p)]. By Lemma
9c we have |£n— (x+2.0)| <p(|x| +p41)(bg?)~. Hence | ¢’ (£n) —¢’ (x+2mp) |
SKao(5F)(p+1) 1 exp [p(M+€)q!], where Ky(F) is a positive number inde-
pendent of b and p, the inequality holding for every m and for every non-
negative p. Similarly |¢(£n) —¢(x+2m0) | S Ks(F)(p+1)2%texp [p(M+e)g1],
where K3(F) has properties similar to those of Ky(§). Thus |dn(x, p, T, b)]
SKy(F)(p+1)2%! exp [p(M+€)g!], where Ki(F) has properties similar to
those of Ky(F). From this it follows that if e is sufficiently small and b is
sufficiently large, |dn(x, p, T, b)| Zb1K5(F) exp (pM;). Hence, if T,, is a point
of ¥.(8) minimizing | T—B|, and W, is a point of ¥.(8) minimizing R(z.T),
then | Ya(x, ) — V()| (N —1)8[N(8) ]| T — B| - b71K4(5) [5 [e—#%CEmPm
-e*M1]dp <b~1K(F)m~2 (using (72) and (73) in obtaining the last inequality).
Thus

2 Valx, b) — X Vau(x)| S b1Ke(5) D m?
m=p+1 m=p+1 m=p+1
which shows that as b becomes infinite D m_,.1(¥a(x), b) approaches
> -pt1Vm(x), uniformly in &. This, together with what has been proved
about the convergence of G*(x, b) to G*(x), proves that as b becomes infinite
¥yo(x, b) approaches yo(x) uniformly in every closed bounded subset of S (8).

Note F (referring to statement (104)).

Let B¢ be a positive number less than 3, such that {1, - - -, {, are the zeros
at f(z) in N(My, Bo). (Cf. Lemma 4e.) Let B¢ be sufficiently large so that
Wz, * + +, Wy and 2pq1, Zppe, ¢ - ¢ arein S (Bo). (We recall that there are only
finitely many distinct numbers z,.) Let 81 be such that 8, <B:<B.

Let x be in §(Bo). We have Tjx=5b(1—g*)+¢*ix. Now b(1—g¥i) is in
S (b, Bo) (by definition of S (8, Bo), and therefore £(1 —g¢*i) is in S4(8) by Lemma
7b. Also, arg (g¥ix) =arg x+ 3 [w; log q]. Let by be a positive number such
that if 5> b, then |3 [w; log ¢]| <B1—Bo (j=1,2, - - -, n). Then if 5>b, and
xisin S (Bo), ¢¥ix is in § (B1). Hence Tjx isinS (B1) (=1, 2, - - -, n).

Also, [zjl =< le +b| l—q"’il < [xl -I-ijl/q (by Lemma 9a).

Let € be any positive number. Let §;=8—p8:. If 6>by and if x is in S (Bo),
then In(zj)l <do(e, &) exp [| zj] (M+€)]Zdo(e, 81) exp (]xl (M+e))
exp (M4e)|w;l/q).

Obviously 5(Tjx) is analytic if x=0. Hence 7(T;x) is of type (M, Bo).
Hence ¢(x, &) is of type (M, Bo).
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